Analytic solutions of relativistic hydrodynamics ∗

T. Csörgő F. Grassi, T. Kodama and Y. Hama MTA KFKI RMKI, Budapest

PLAN:

I. Relativistic hydrodynamics, intro II. Bjorken’s solution III. Biro’s solution IV. New families of solutions V. Summary and other topics

∗RHIC 01 School, Budapest, Dec 5-7, 2001 1

I. Introduction

Motivation: Hydro description for central and noncentral heavy ion collisions at RHIC

Scaling behaviour observed at CERN SPS and at RHIC

• collective behaviour → hydrodynamical description

• Scale invariance, Hubble-flow → self-similar hydro solutions

• simplicity but high energy → relativistic descriptions but with non-relativistic limiting solutions

PRO’s & Contra’s • Hydro can be applied within a wide range of phenomena, universality and scale invariance • hydro description questionable for very small systems (a few 100 particles only ) • data are well described within a hydro approach, it is likely that hydro is valid for the fields (continuum) Historical remarks • Successfull hydrodynamical approach to high energy physics Landau, Bjorken • Recent experimental results: scaling laws, scale invariance

3/ √ m_t scaling at CERN SPS (NA44, Phys. Rev.

Lett. 87 (2001) 112301)

3/ √ m_t scaling at RHIC (T. Sugitate, hep-ph/0111460)

Relativistic hydrodynamical system of equations

∂_μnu^μ = 0, (1) ∂_νT^{μν} = 0. (2) n ≡ n(x) : density of a conserved charge, u^μ ≡ u^μ(x) = γ(1, v): four-velocity normalized to u^μu_μ = γ^2(1 − v^2) = 1, the energy-momentum tensor is T^{μν}. Perfect fluid, T^{μν} = (ϵ + p)u^μu^ν − pg^{μν}, (3)

ϵ : relativistic energy density p: pressure.

Ideal gas with contains massive conserved quanta, ϵ = mn + κp, (4) p = nT . (5)

Bjorken: m = 0, κ = c^2_s . Softest point: c^2_s = 0.

The energy-momentum conservation projected into parallel to u^μ and orthogonal to u^μ. The relativistic energy and Euler equations:

u^μ∂_μϵ + (ϵ + p)∂_μu^μ = 0, (6) u_νu^μ∂_μp + (ϵ + p)u^μ∂_μu_ν − ∂_νp = 0. (7)

The energy equation can be rewritten as

u^μ∂_μT + 1 κ T ∂_μu^μ = 0. (8)

Various symmetry classes are solved:

• 1+1 dimensional expansions • 1+3 dimensional expansions : • spherical • cylindrical • ellipsoidal

1+1 dimensional solutions x^μ = (t, r_z), x_μ = (t, −r_z) g^{μν} = g_{μν} = diag(1, −1). 3 independent equations for 3 variables, n, T and v_z (equation of state!). Self-similar solution.

A scale in the z direction, the scaling variable x = r^2_z Z^2

, (9)

Hubble type of self-similar longitudinal expansion, v_z(t, r_z) = Ż(t) Z(t) r_z, (10) In a relativistic notation, u^μ = (cosh ζ, sinh ζ), (11) tanh ζ = Ż(t) Z(t) r_z, (12) cosh ζ = 1 √ 1 − Ż^2x ≡ γ. (13)

New family of 1+1 d solutions

New variables:

τ = √ t^2 − r^2_z , (14)

η = 0.5 log ( t + r_z t − r_z ) . (15)

We find a new family of exact solutions

v_z = r_z t = tanh(η), (16) x = r^2_z Ż^2t^2 = tanh^2 η Ż^2 , (17) n(t, r_z) = n_0 t_0 τ V(x), (18)

p(t, r_z) = p_0 ( t_0 τ )_{1+1/κ} , (19)

T (t, r_z) = T_0 ( t_0 τ )_{1/κ} 1 V(x) , (20)

where p_0 = n_0T_0.

a new hydrodynamical solution is assigned to each non-negative function T (x).

valid also for massive particles.

depends parameterically on κ, (EOS).

Analyzis of the solution.

In all these solutions: u^μ = (cosh η, 0, 0, sinh η). Bjorken’s case:

Ż = 1 and V(x) = 1 .

The pressure, temperature and density depend only on τ.

The general case, a scale, Ż, and an arbitrary scaling function V(x). Physical meaning: non-flat rapidity distribution.

Single-particle spectra

S(x, k) = C_ηm_t cosh(η − y)n exp(−k^μu_μ/T )δ(τ − τ_f ), (21)

The single particle spectrum is E d^3n dk ∝ ∫ dττdηS(x, k). (22)

E d^3n dk = C^′m_tV ( tanh^2 y

Ż^2_0 ) exp [ − m_t T_{eff} (y) ] , (23) dn dy = n_f V ( tanh^2 y Ż^2_0 ) , (24)

T_{eff} (y) = T_f V (_{tanh2 y}

Ż^2

), (25)

Bonus: V is a free fit function of the measurable rapidity distribution.

Price: A rapidity dependent effective temperature distribution

T_{eff} (y) = T_f dn/dy_0 dn/d_y , (26)

V(x) = (1 − x)^{(1/4)}, Ż = tanh(4), n_f = 900 and T_f = 200 MeV.

V(x) = √ 1 + 1.6x^4 − 2.6x^8, using Ż^2_0 = 1, n_f = 800 and T_f = 200 MeV.

• L. D. Landau, Izv. Akad. Nauk SSSR 17 (1953) 51; in “Collected papers of L. D. Landau” (ed. D. Ter-Haar, Pergamon, Oxford, 1965) p. 665 - 700 • J. D. Bjorken, Phys. Rev. D27 (1983) 140

• L. P. Csernai, Introduction to Relativistic Heavy Ion Collisions, John Wiley and Sons, 1994

• T. S. Biró, Phys.Lett. B474 (2000) 21-26

• T. S. Biró, Phys.Lett. B487 (2000) 133-139

• J. Bondorf, S. Garpman and J. Zimányi, Nucl.

Phys. A296 (1978) 320 .

• T. Csörgő, B. Lörstad and J. Zimányi; Phys.

Lett. B338 (1994) 134; nucl-th/9408022

• P. Csizmadia, T. Csörgő and B. Lukács, nuclth/9805006, Phys. Lett. B 443 (1998) 21.

• T. Csörgő, nucl-th/9809011

• J. N. De, S. I. A. Garpman, D. Sperber, J. P. Bondorf and J. Zimányi, Nucl. Phys. A305 (1978) 226.

• S. V. Akkelin, T. Csörgő, B. Lukács, Yu. M.

Sinyukov and M. Weiner, Phys. Lett. B 505 (2001), 64.

• T. Csörgő, S. V. Akkelin, Y. Hama, B. Lukács and Yu. M. Sinyukov, hep-ph/0108067

• T. Csörgő, hep-ph/0111139

• T. Csörgő, F. Grassi, T. Kodama and Y. Hama, in preparation.

• T. Csörgő and B. Lörstad, Phys. Rev. C54 (1996) 1390;

T. Csörgő and B. Lörstad, Nucl. Phys. A590 (1995) 465c.

Summary and discussion • New family of relativistic hydrodynamical solutions were found • Generalization of Bjorken’s solution for finite dn/dy • Price: rapidity dependent effective temperature • Generalizations for 1+3 dimensional expansions are done • Elliptic and cylindrical families • Well-defined non-relativistic limits and non-rel solutions • Related to the Buda-Lund hydro parameterization (Fits data, Ster)